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Abstract. The Nash problem on arc famihes is affirmatively an- 
swered for a toric variety by Ishii and KoUar's paper which also 
shows the negative answer for general case. The Nash problem is 
one of questions about the relation between arc families and val- 
uations. In this paper, the relation is described clearly for a toric 
variety. The arc space of a toric variety admits an action of the 
group scheme determined by the torus. Each orbit on the arc space 
corresponds to a lattice point in the cone and therefore corresponds 
to a toric valuation. The dominant relation among the orbits is 
described in terms of the lattice points. As a corollary we obtain 
the answer to the embedded version of the Nash problem for an 
invariant ideal on a toric variety. 
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1. Introduction 

The concept of jet schemes and arc space over an algebraic variety 
or an analytic space was introduced by Nash in his preprint in 1968 
which was later published as [12]. These schemes are considered as 
something to represent the nature of the singularities of the base space. 
In fact, papers [5], [10], [11] by Mustafa, Ein and Yasuda show that 
geometric properties of the jet schemes determine certain properties 
of the singularities of the base space. Primarily the Nash problem 
posed in [12] is based on this idea. The Nash problem asks if the set 
of arc families through the singularities corresponds bijectively to the 
set of the essential components of resolutions of the singularities. Here 
an arc family through the singularities on X is a good component of 
7r^^(SingX) (see 3.5 or [8] for the definition of a good component), 
where vr is the canonical projection from the arc space to X. The 
paper [8] proves that if X is a toric variety, the answer to the Nash 
problem is "yes", while the paper also shows the negative answer for 
general X. 
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In this paper, we study the structure of the arc space of a toric variety 
defined over an algebraically closed field k of arbitrary characteristic. 
We prove that each jet scheme or arc space admits a canonical action 
of the jet scheme or arc space of the torus. The arc space of a toric 
variety becomes an almost homogeneous space by this action, which 
means that the arc space is the closure of one orbit. A good component 
turns out to be the closure of a certain orbit and there is no non-good 
component in the arc space of a toric variety. 

Each orbit of the arc space corresponds to a lattice point of the cone, 
therefore to a toric valuation, and the dominant relation of two orbits 
is translated to the order relation of the corresponding lattice points. 
As a corollary we show the answer to the embedded version of Nash 
problem posed by Ein, Lazarsfeld and Mustafa in [6] for an invariant 
ideal on a toric variety. 

This paper is organized as follows: In §2 we study some basic proper- 
ties on jet schemes and arc spaces. The closed points in the arc spaces 
of varieties are discussed here. In §3 we introduce a stratification on 
the arc space of a toric variety according to the fan. Some basic prop- 
erties of the arc space of a toric variety (non-existence of non-good 
components, irreducibility in any characteristic) are proved here. In §4 
we study the orbits of the arc space of a toric variety by the action of 
the arc space of the torus. In §5 we give the answer to the embedded 
version of Nash problem for an invariant ideal on a toric variety. 

Throughout this paper the base field k is an algebraically closed field 
of arbitrary characteristic unless otherwise stated. 

The author would like to thank Professors Kei-ichi Watanabe and 
Ken-ichi Yoshida for useful discussions and providing with the interest- 
ing example 2.11. She is also grateful to the members of the Singularity 
Seminar at Nihon University for their stimulating discussion and the 
referee for constructible comments. The author is partly supported by 
Grant-In- Aid of the ministry of science and education. 

2. Basic properties of jet schemes and the arc space 

Definition 2.1. Let X be a scheme of finite type over k and K D k 
a field extension. For m G N a morphism Spec K[t]/ {t'^'^^) — > X is 
called an m-jet of X and Spcc/r[[t]] — > X is called an arc of X. We 
denote the closed point of SpecA'[[t]] by and the generic point by 1]. 

2.2. Let X be a scheme of finite type over k. Let Sch/k be the cate- 
gory of /c-schemes and Set the category of sets. Define a contravariant 
functor : Sch/k — > Set by 

= Homfe(y Xspecfc SpecA;M/(r+^),X). 
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Then, Fm is representable by a scheme of finite type over k, that 
is 

Homfe(y,X„) ~ Homfe(y Xspecfe Speck[t]/{t"'+'),X). 
This Xm is called the m-jet scheme of X. A i^-valued point a : 
Specif — Xm is regarded as an m-jct a : Spec K[t]/ {t"^^^) — > X. 

Let X(x> = lim^X^ and call it the arc space of X. X^ is a scheme 
which is not of finite type over fc, see [4]. Denote the canonical pro- 
jection — > X by TT. A if- valued point a : Specif — > X^o is 
regarded as an arc a : Specif [[t]] — > X. 

Using the represent ability of Fj^ we obtain the following universal 
property of X^o- 

Proposition 2.3. Let X be a scheme of finite type over k. Then 

Homfc(F,Xoo) ^ Homfc(FxspecfcSpecA;[[t]],X) 

for an arbitrary k-scheme Y, where yxspecfeSpec A;[[t]] means the for- 
mal completion o/y X Spec fcSpec A;[[t]] along the subschemeY Xspcck{0} ■ 

2.4. A morphism $ : X — > Z of varieties over k induces a canonical 
morphism : X^ — > (m G N U {oo}). Some properties of 
$ are inherited by for example, if $ is a closed immersion, an 
open immersion or etale, then is also a closed immersion, an open 
immersion or etale. But many properties of $ are not inherited by 
for example, propcrness, projectiveness, closedness, and so on. 

Next we study the jet schemes and the arc space of a variety which 
admits an action of a group scheme. 

Proposition 2.5. Let G be a group scheme of finite type over k. Then 
Gm (iTi £ NU{oo}) is again a group scheme overk. IfG is irreducible, 
then Gm is also irreducible. 

Proof Let ji-.GxG — > G be the multiphcation of the group, let e e G 
be the unit element of the group and let t : G G be the morphism 
defining the inverse elements. Then, Gm becomes a group scheme with 
A*m '■ Gm X Gm — ^ Gm the multiplication of the group, where /x^, is 
induced on {GxG)m — GmXGm from ^. The scheme {e}m is a /c- valued 
point of Gm and it is the unit element under this multiplication. The 
morphism Lm '■ Gm Gm induced from l gives the inverse elements. 
If G is irreducible, then it is a non-singular irreducible variety which 
yields that Gm is also non-singular and irreducible. □ 

Proposition 2.6. Let G be a group scheme of finite type over k and 
X a variety admitting an action of G. Then, for m e N U {oo}, Xm 
admits a canonical action of Gm induced from the action of G on X. 
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Proof. Let ip : G x X — > X be the morphism defining the action of 
G on X. Then the morphism : G^ x X^ ~ (G x X)^ — > X^ 
induced from gives an action of G^ on X^. □ 

Example 2.7. If G is an n-dimensional torus T" ~ (A^ \ {0})", then 
G^ ~ T^xAp. Let a: = . . . , x^^\x^l\ . . . , 4^), . . . , ■ ■ ■ , 4"*^) 
and 1/ = {yf\ ... , yS^\ ... ,y^n\--- > • • • , Z/i""^) be two /c-valued 
points of Gm, where . . . . . . e T". Then the 

multiphcation a;-?/ of a; and y is {xf'^y^\ . . . , a;^°^?/^°\ Z]i+j=i Xi^yi \ 

Ei+i=i • • • , J2i+j=m x?yi^\ ... , J2i+j=m x^nh'i^)- The Unit ele- 

ment of Gm is 

n times 

(Tr^,o,... ,0). 

Example 2.8. Let X be a toric variety with the torus T. Then 
acts on Xm for every m e N U {oo}. 

2.9. As the m-jet scheme X^ of a variety X is of finite type over k, 
a point of is closed if and only if it is a A;- valued point. But X^ 
is not of finite type and the equivalence above does not hold. First we 
will see the affirmative case under a condition on k. 

Proposition 2.10. Assume that the base field k is uncountable. Then, 
for every variety X, a point of X^ is closed if and only if the point is 
a k -valued point. 

Proof. As the problem is local, we may assume that X is affine. There- 
fore we have only to prove the assertion for the case X^yo — Speci?, 
R = A;[a;i, a;2, . . . , ,t„, . . . ], where the variables 

countably infinite. For the assertion of the proposition, it is sufficient 
to prove that every prime ideal / C k[xi, X2, . . . , Xn, . . . ] is contained in 
a maximal ideal {xi—ai,X2—a2, . . . , a;„— a„, . . . ), Oi, a2, . . . , an, . . . G /c. 
For every n, let Rn be a subring k[xi, . . . ,a;„] of R and /„ be the 
intersection / n For m < n the inclusion R^, ^ Rn induces 
the projection Speci?„ — > Speci?^ which induces a dominant map 

V'n.m : Z{In) > Z{ ) ^ (ai, . ..am), where 

Z(In) is the set of closed points of the closed subscheme defined by /„. 
Fix r > 1. Since Z{Ir) 7^ for every n > r, Imipn^r is a non-empty 
constructible set and 

is a non-increasing sequence. As k is uncountable, the intersection 
n„>r Iiii^/^n,r is uou-empty by [1, Proposition 6.5]. Take a point pr from 
this set. In Z{Ir+i), 
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is a non-increasing sequence of non-empty constructible sets. There- 
fore, we can take a point Pr+i E i'r+i,r{Pr) H {r\n>r+i^^'4'n,r+i)- In 
the same way, we have points pr+2 G Z{Ir+2), Pr+3 G ^(-^r+s), • • • such 
that ipn+i,nipn+i) — Pn & Z{In) for n > T. Therefore, there is a se- 
quence Oi, 02, . . . , a„, . . . e /c such that p„ = (oi, a2, ■ ■ ■ , a„). Hence, 
/n C (xi — ai,a;2 — a2, . . . — a„) for every n. Then, it fohows 
/ = lim4 C {xi - ai,X2 - 02, • • • , - a„, . . . ). □ 

In the proposition above, the condition on k is essential In fact, we 
obtain the following: 

Proposition 2.11 (Watanabe, Yoshida). Let k be a countable field. 
Then there is a closed point which is not a k -valued point in Spec k[xi,X2, 

Proof. Let y be a transcendental element over k. As k is countable, 
the extension field k{y) is a countably generated A';-algebra. Therefore 
there exists a surjective homomorphism k[xi.X2, . . . , Xn, . . .] — > k{y). 
The kernel of this homomorphism is a maximal ideal which does not 
give a /c- valued point. □ 

As we assume that the base field is an arbitrary algebraically closed 
field, a closed point of an arc space is not necessarily a /c-valued point. 
In spite of such a difficulty we can see the structure of the arc space 
for a toric variety. 

3. Basic properties of the arc space of a toric variety 

3.1. We use the notation and terminology of [7]. Let M be the free 
abelian group Z" (n > 1) and N its dual B.omz{M,Z). We denote 
M ®z R and ®z M by Mr and Ar, respectively. The canonical 
pairing ( , ) : N x M — ^ Z extends to ( , ) : Ar x Mr — > R. For 
a linear subspace W C Ajj, the induced pairing (Ar/W^) x W-^ — > M 
is also denoted by ( . ). Here, for v G Ar, u G we have that 
{v,u) = {p{v),u), where p : Ar — > N^/W is the projection. 

For a finite fan A in A", the corresponding toric variety is denoted by 
Tn{A). If A is the fan consisting of all faces of a cone cr, then Tjv(A) 
is affine and sometimes denoted by T^la). 

For a cone r G A we denote by Ur the invariant affine open subset 
which contains orb r as the unique closed orbit. The open set Ur is 
isomorphic to Tn{t). 
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We can write k[M] as k[x'^]u^M, where we use the shorthand — 
Xi'x2^ • • for u = {ui, . . . ,Un) e M. The torus SpecA;[M] is de- 
noted by T. We also write T for the open orbit of the toric variety. 

Proposition 3.2. Let X be a toric variety over k and f : Y — > 
X an equivariant resolution of the singularities. Then, the induced 
morphism f^o '■ ^oo — ^ ^oo is surjective in a strong sense; i.e. for 
every extension field K D k the corresponding morphism Y^{K) — > 
Xoq{K) is surjective. 

Proof. Let a : Spec K[[t]] — > X be an arc of X, then the generic point 
77 e Speci^'[[t]] is mapped to orbr for some cone r in the defining fan 
of X. As / is equivariant, f~^{orbT) contains a subschcmc isomorphic 
to orbr x T^, where is the torus of dimension < s < n. Hence the 
restriction Speci^((t)) — > X of a can be hfted to Y. Therefore, by 
the properness of /, a can be hfted to Y. □ 

The irreducibihty of the arc space of a variety is known for a base 
field of characteristic zero ([9]). In the positive characteristic case, [8, 
Example 2.13] gives an example of non-irreducible arc space. But for 
a toric variety, the characteristic is not a problem. 

Corollary 3.3. The arc space of a toric variety X is irreducible. 

Corollary 3.4. Since the arc space X^ of a toric variety contains 
as an open orbit, X^o is an almost homogeneous space by the action of 
T 



- 00 ■ 



Proof. This follows immediately from the irreducibihty of and Propo- 
sition 3.2. □ 

3.5. An irreducible component of the fiber 7r~^(Sing X) of the singular 
locus SingX C X is called a good component if it contains an arc a 
such that a{r]) is in the non-singular locus ([8]). If the characteristic 
of the base field is zero, then every component of 7r^^(SingX) is a 
good component, while there is a non-good component for a positive 
characteristic case ([8, Example 2.13]). The following shows that the 
characteristic does not affect on this problem for a toric variety. 

Proposition 3.6. For a toric variety X, every component o/7r~^(SingX) 

is a good component. 

Proof. Let C be a non-good component of 7r^^(SingX). Let / : Y — > 
X be an equivariant resolution of the singularities and Ei{i = 1,2,... , r) 
be the irreducible components of /^^(SingX). Then, 7ry^(£'i)'s are the 
irreducible components of /^■'^(7r~^(SingX)), where Try : Yoo — Y is 
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the canonical projection. By the surjectivity of /oo proved in Proposi- 
tion 3.2, there is a component 7ry^(£'j) mapped to C. However, T^Y^{Ei) 
contains an arc whose image of the generic point corresponds to a point 
in the non-singular locus on X, which is a contradiction. □ 

Now we are going to make a stratification of the arc space of a toric 
variety according to the fan. From now on we assume that a toric 
variety X is defined by a fan A. Let X{t) C X be the closure orhr for 
the cone r e A. Then X{t) is again a toric variety. 

Definition 3.7. Let X be a toric variety corresponding to a fan A. 
We define Xoo{t) as follows: 

^cxij) = {a G Xoo I Oi : Speci^r[[t]] — > X factors through X{t) 
but does not factor through X{'^) for 7 ^ r} 
Remcirk 3.8. (i) By definition, we have: 

Xoo{t) = {a e Xoo I Oi(r]) e orhr}. 
In particular, 

Xoo(O) = {a e I c{r,) e T}. 

(ii) Xoo(t) = X(r)oo(0), where is the cone consisting of the origin. 

(iii) Xoo is the disjoint union: 

Xoo = U Xoo(t). 

reA 

Proposition 3.9. Let X be a toric variety defined by a fan A, T the 
torus acting on X and r a cone in A. Then, the subset Xoo(r) is a 
locally closed subset which is invariant under the action ofT^. 

Proof. As X(7) is closed in X for every cone 7 G A, X(7)oo is consid- 
ered as a closed subscheme of Xoo. By definition 

(3.9.1) Xoo(t) = X(r)oc \ ( U ^(7)00 ) 

as subsets in Xqo, which shows that Xoo(t) is locally closed. 

As X(7) is invariant under the action of T for every 7 G A, X(7)oo 
is invariant under the action of Too- The description of Xoo(t) as above 
gives the assertion of the invariance. □ 

Proposition 3.10. Let X be a toric variety defined by a fan A and t, 

7 be cones in A. Then, ^ < t if and only if X^{'y) D Xoo(t). 
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Proof. First note that X{'y)oo and X{t)oo are irreducible (Corollary 3.3) 
and closed in X^. Then, the description (3.9.1) gives that -^^00(7) ~ 
-^(7)00 and Xoo{t) = X{t)oo- Therefore, the relation Xoo(7) D Xoo{t) 
holds if and only if X(7)oo D X{t)oo holds, which is equivalent to 
^(7) D ^(t). It is well known that the last relation is equivalent to 

7 < T. □ 

4. Orbits on the arc space of a toric variety 

In this section wc associate each Too-orbit on X^o to a lattice point, 
and describe the dominant relation of two orbits in terms of the corre- 
sponding lattice points. 

Theorem 4.1. Let X be a toric variety defined by a fan A. Then, 

(i) there is a surjective canonical map 

* :Xoo(0) ^ |A|nAr, a^v^, 

(ii) for every v G |A| fl A?" there exists a k-valued point a e (0) 
such that 

where T^o ■ a is the orbit of a by the action of Too, and 

(iii) for V e |A| n N, ^~^(i>) is a locally closed subset of X^q. 

Proof For a valued point a e Xoo(O), take a cone cr e A such that 
a{0) e Ua. Then a is an arc of Ua- with a{rj) e T, therefore we have a 
commutative diagram: 

kla'^DM] ^ K[[t]] 

n n 

k[M] ^ K{{t)) 

Let Va '■ M — Z be a map defined by m 1-^ orda*(a;"). Then v^^, is 
a group homomorphism, therefore & N with the pairing {Va,u) = 
ordQ;*(x"). For m e cr^ n M, it follows {va,u) = ordQ;*(x") > 0, which 
imphes that Va £ cr. Now we obtain a map ^ : Xoo{0) — > \A\r\N, a 1— > 
Va- To show the surjcctivity, take a point v G | A| fl iV. Let cr be a cone 
containing v. Let a* : k[M] — > k{(t)) be a fc-algcbra homomorphism 
defined by a*(a;") = t^'''"^ for u e M. Then, a*{k[a'^ n M]) C k[[t]], 
since (v.u) > ior u & . Hence, a* gives a /c-valued point a in 

^oc.(O). ^ 

For (ii), we prove the equality ^~^(f) = Too ■ a for a /c- valued 
point a e \E'^^(f). For a /c- valued point a e Xoo(O), take a cone cr 
such that a e ( ^7cr ) 00 • Then a corresponds to a ring homomorphism 
a* : A;[cr^ nM] — > k[[t]]. On the other hand, a X- valued point 7 G Too 
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corresponds to a ring homomorphism 7* : k[M] — > -^[M]- This lio- 
momorphism is equivalent to a ring homomorphism 7* : k[a^ P^M] — > 
^[[t]] such that the order of 7*(a;") is zero for every u G cr^nM, because 
(T^ n M generates M. Then, 7 • a corresponds to the homomorphism 
k[a^ n M] — > K[[t\] which maps a;" to 7*(a;")a*(x"). 

Now let a e {Ua)oo be the arc corresponding to v which was con- 
structed in (i). If /? G Too ■ ct, then there exists a X-vahicd point 
7 G Too such that /9 = 7 ■ a. Then, by the above remark, it follows 
that /3 G (t/^)oo and /5 corresponds to (3* : fc[cT^ n M] — ^ K[[t\] which 
maps to 7*(x")i^^'"^ whose order is {v,u). Therefore (3 G 
Conversely, suppose that (3 G '^~^{v) and let cr be a cone such that 
/3 e (C/a)oo- Then we can define 7 G T^o by 7* : A;[(7^ n M] — ^ 
^*{x'^) = t~^'"''^^ f3*{x'^). For this 7 we have that 7 ■ a = /5. 

For the assertion (iii), take a cone cr G A such that Too ■ « C {Ua)oo- 
It is sufficient to prove that Too • a is locally closed in ([/cr)oo H Xoo(O). 
Denote {U^)oo by Spec A. Let A : fl M] — > A[[t]] be the ring 
homomorphism induced from the universal family of arcs on (f/o-)oo 
(see Proposition 2.3). Let A^x"^^) = J2i>oO,j,it'' for generators Uj {j ~ 
1, . . . , r) of the semigroup n M. Then 

Too • a = ^"'(^^) = {/3 e (t/^)oo n Xoo(O) I a,-i(/3) = for z < (i;, 

7^ for i = (^;, Wj), j = 1, . . . , r}. 
Hence, Too • o; is locally closed in {Ucr)oo ^ Xoo(O). □ 

4.2. For T G A, X(t) is a toric variety Tjv^(At-), where A,- consists of 
the cones a C N^/tM. which are the images of the cones cr G A such 
that T < a and A^,- is the image of N in A^/rM. The affine open subset 
C X{t) is Spec k[T^ n n M]. 
Since Xoo(r) = X(r)oo(0) as is seen in Remark 3.8, we obtain the 
following from Theorem 4.1: 

Corollary 4.3. Let X be a toric variety defined by a fan A and r G A. 

Then, 

(i) there is a surjective canonical map 

*:A:oo(t) — ^|A^|niV^, a^Va, 

(ii) for every v G |At-| p[Nr there exists a k-valued point a G Xoo{t) 
such that 

where ■ a is the orbit of a by the action ofT^o, and 

(iii) for V G jA,-! fl N^., ^~^{v) is a locally closed subset of X^. 
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Corollary 4.4. (i) 

-'^oo = U Too • a. 

a:k-valued point of X^o 

(ii) For every cone t, there is a bijection: 

{Too ■ a \ a is a k-valued point G Xoo(r)} ~ |A^| fl A^,-- 

Definition 4.5. As an orbit of a A;-valucd point a in X^{t) is deter- 
mined by the lattice point v = G |A^|, we sometimes denote the 
orbit Too • a by T^{v)- 

Definition 4.6. Let cr be a cone in and v, v' two points in a. We 
denote v <fj v' \i v' & v -\- a. It is clear that <o- is an order in a. 

Now we are going to study the dominant relation between orbits. 

Proposition 4.7. Let X he a toric variety defined by a fan A. Let 
a e X^{t) and {3 G Xoo(7) be k-valued points for t,'^ G A. //Too • « ^ 
Too ■ /3; then r < 7 and there exists a cone cr G A containing r and 7 
such that q;,/3 G (C/(t)oo- 

Proof. By the condition of the proposition, it follows that (3 G Xoo{t) = 
X{t)oo- As (5{r]) G or67, we have orh^ C -^(t), which implies r < 7. 
To see the second assertion, take a cone o" G A such that (3 G (f/cr)oo- 
Then j3{rj) G orb{'j) implies 7 < cr. Since (f/cr)oo is an open subset of 
Xoo containing there is an arc a' G Too " fl (t/o-)oo- As (t/o.)oo is 
Too-invariant, it contains both Too • Oi and Too • ^ 

Hence, in order to interpret the condition of the domination Too • D 
Too ■ P in terms of the corresponding lattice points, we may assume that 
X is an affine toric variety. If X is an affine toric variety defined by 
a cone a and Tao{v) C Xoo(t) for a face r < a, then v G a fl A^r 
by Corollary 4.3, where a is the image of cr c A^r by the projection 
A^R N^/tR. 

Proposition 4.8. Let X be an affine toric variety defined by a cone a 
in N. Then, two orbits T^{v) and T^{v') in X^{0) satisfy Too(v) D 
Too{v') if and only if v <a v' . 

Proof. Assume Too(t') D T^{v'). If {v,u) > {v',u) for some u G cr^nM, 
then 

TM GTjv)r){a G ^00(0) | ordQ;*(a;") > {v',u) + 1}, 

where the right hand side is a proper closed subset of Too(v). This is a 
contradiction. Hence, v v' . 
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Next, assume that v <a v' for v,v' E a H N. To prove the converse, 
we divide the proof into two steps. 
Step 1. The case X is non-singular. 

Let 61,62,... , 6„ be the basis of M such that ei, ..,er,efli, . . . ,e^^ 
generate (t"^. Define a /c-algebra homomorphism $* : A;[(T^ fl M] — > 
k[[X,t]] by 

Here, note that = 1 + A for i > r + 1, since (?;, ej) = {v', e,i) = 

for these i's. Then, we obtain a morphism $ : SpecA;[[A]] — > Xoo(O) 
such that $(0') e Too{v') and $(77') G Too(f), where 0' is the closed 
point and rj' is the generic point of Spec A;[[A]]. This implies that Too{v) 
contains a point of T^{v'). As T^{v) is Too-invariant, it follows that 

Step 2. The general case. 

Define a' as the cone generated by v and v' — v. Then, note that a' G a 
and 

Let A^' be the subgroup of N generated by t>, v' — v and vi,V2, ■ ■ ■ ,Vs G 
N, where their images Ff, t^, . . . , G N/NCl a'M arc a basis of N/NCl 
(t'M. Then, the toric variety Z = Tj^i[a') is non-singular and there is a 
canonical equivariant morphism 

ip: Z — >X 

with the surjective morphism T' — > T of the tori. By Step 1, T'^{v) D 
T^(f') follows from v v'. Take /c-valued points a,/3 G ^oo(O) 
such that Va — vp — v\ then ■ (fooio^) — foo{T^ • a) and Too • 
(p^{/3) = (Poo{T^ ■ P)- Therefore Too(^;) D Too(^;') follows from v^^(a) = 

As Xoo(t) = X(t)oo(0) we obtain the following as a corollary of 
Proposition 4.8. 

Corollary 4.9. Let X be an affine toric variety defined by a cone a 
in N . Then, for a face t < a, two orbits Too(f ) and T^oiv') in Xoo{t) 
satisfy Too{v) D Too(f ') if and only ifv <a v', where a C Ak/tIR is the 
image of a. 

Next we will see the relation of the orbits in mutually different strata. 
To see this we need the following combinatorial lemma: 

Lemma 4.10. Let a be an n- dimensional cone in N , where n = 
dimAffi, and r an r- dimensional face of a. Then, there exist a non- 
singular n- dimensional cone (Jo in N and its r- dimensional face Tq such 
that (7o C (7 and Tq C t. 
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Proof. First, subdivide r into non-singular cones and take one of r- 
dimensional cones as Tq. Take any n-dimensional cone a' in N with the 
face To inside of a, and then subdivide a' into a non-singular fan E by 
Danilov's procedure [3, §8]. As Tq is non-singular, it is still in the new 
fan S as a cone. Hence, we can take an n-dimensional non-singular 
cone (To with the face tq in E. □ 

Proposition 4.11. Let X be an affine toric variety defined by a cone 
a in N. Then, two orbits T^{v) C Xoo{t), Too{v') C Xoo(7) satisfy 
the relation Too{v) D Too{v') if and only ifrK^ and p{v) <^ v' , where 
p : N^/tM. — ^ N-g^/jW is the canonical projection and a is the image 

of a in A^ir/7R. 

Proof. First assume that Too{v) D T^{v'). Then, wc have r < 7 
by Proposition 4.7. By the assumption, there is a morphism $ : 
SpecA;[[A]] — > X^{Qi) such that (3 $(0') e T^{v') and a := 
$(r/') G Too(f), where 0' is the closed point and r]' is the generic point 
of SpecA;[[A]]. As a G Xoo(r), $ factors through X(t)oo- This gives 
the fc-algebra homomorphism: 

$* : A;[r^ n (T^ n M] — ^ k[[\t]\. 

By using $*, we obtain ordQ;*(a;'') < ord/5*(a;") for m G r-^ n cr^ n M 
in the same way as in the proof of Proposition 4.8. Therefore, for 
u G 7-^n(7^nM C r-^ncr^nM the inequality {v,u) = {p{v),u) < {v',u) 
holds. Hence, p{v) <^ v'. 

To prove the converse, assume p{v) <-^ v' . Then, it is sufficient 
to prove that T^{v) D T^{p{v)), because Too{p{v)) D T^{v') follows 
from Corollary 4.9. To prove T^{v) D Too{p{v)), we may assume that 
7 = (7, since -^^00(7) = -^^(7)00(0). We also can assume that dimu = 
n = dimA^K, because if dim a = s < n, then Too(w) = TJ^"^ x T^{v), 
Too{p{v)) = T^-' X T^{p'{v)), where p' : aR — > (tR/tR is the projec- 
tion and T*,T'^~'' are s and (n — s)-dimensional tori, respectively. So 
the problem is reduced to proving that T^{v) D T^(p'{v)). 

Now, for a and r, let (Tq and tq be as in Lemma 4.10. Let ei, 62, . . . , e„ 
be a basis of M which generate ctq and ei, 62, . . . ,er {r < n) generate 
T^na^. Let 

A* : k[a^, n M] ^ mm) 
be a /c-algebra homomorphism defined by 

A*{x^^) = (A + for i = 1, . . . , r, 

A*(a;"^) = Xt^'''^^^ for i = r + 1, . . . , n. 

It is easy to check that A*(a;") G /c[[A, i]] for every m G cr^ fl M, since 
V e a. Then, we obtain a morphism A : Spec[[A]] — > X^. For every 
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M G cr^ n M, we have ordA*(a;") = {v,u), therefore a := A{ri') G 
T^(v) C Xoo(O), where 0' is the closed point and rj' is the generic 
point of SpecA;[[A]]. Since = r^, p := A{0') : SpecA;[[t]] — > X 
factors through X(r) by the definition of A*. As the corresponding ring 
homomorphism (3* is extended to a ring homomorphism /c[r^ flM] — > 
k{{t)), it follows that (3{r)) G orbr, which implies /3 G Xoo(t). For every 
u G T-^da^nM, we have ord = {v, u) = {p{v),u). Therefore (3 G 

Too(p(v)). Hence, it follows that Too{v) contains a point of Too(p(f )). 
By the Too-invariance of T^{v), we obtain T(x,{v) D T^{p{v)). □ 

Summing up the propositions and corollary 4.7, 4.9, 4.11, we obtain 
the following: 

Theorem 4.12. Let X be a toric variety and Tqo{v) and Too{v') two 
orbits in Xoo{t) and X^^j), respectively. Then the following are equiv- 
alent: 

(i) Tj^DT^iv'), 

(ii) r < 7, there exists a cone a > j such that T^{v),T^{v') C 

{Ua)oo, and p{v) v' , where p : N^/tM. — > Njsi/^'M. is the 
projection and a is the image of a in A^r/7M. 

4.13. By now, the dominant relation of orbits is discussed in terms of 
the order relation of lattice points. This gives a relation between arc 
families and valuations, which will be discussed in the next section. 
But the dominant relation of orbits can be more simply described in 
terms of homomorphisms of semigroups. 

If X is an affine toric variety defined by a cone a and Too{v) C Xoo(t) 
for a face t < a, then v E a H Nt- C. N^/tM., where a is the image of a 
in A^m/tM. Then, v can be considered as a semigroup homomorphism 
V : T"*- n (7^ n M — > Z>o. Here, v can be extended as a semigroup 
homomorphism v : a"^ HM — > Z>o U {oo}, where we define v{u) — oo 
for every u ^ t-^. 

Conversely, every semigroup homomorphism v : a'^ H M — > Z>o U 
{oo} is obtained by such an extension from an element oi a H Nt- C 
Ak/tM for some face r. 

Lemma 4.14. Let a be a cone in N and v : a'^ (1 M — )• Z>o U {oo} 

a homomorphism of semigroups. Then, there exists a face r < a such 
that v-\Z>o) = n (T^ n M. 

Proof. Take the minimal face 7 of o" containing C = f^^(Z>o). Then, 
C contains a relative interior point u of 7. We will show that C = 
7 n M. Assume that there exists a point G 7 fl M such that v{uo) — 
00. Then, note that Uq + a'^ C v~^{oo). Let cr^ be generated by 
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Ml, U2, ■ ■ ■ , Ur- Then, there is a representation u = I][=i c^Ui with > 
for every i and i^o = Si=i ^i'l^i with 6^ > for every i. Then, in the 
equahty: 

i 

the second term of the right hand side is in cr^ for m » 0. Hence, 
vlmu) — oo, but this contradicts to that v{'mu) — mv{u) G Z>o. Now, 
we obtain that C = 7 fl M and 7 can be written as r-*- fl cr"^ for some 
r < (T. □ 

By Corollary 4.3 and Theorem 4.12, we obtain the following inter- 
pretation: 

Theorem 4.15. Let X be a toric variety defined by a fan A, then we 
obtain the following: 

(i) There is a bijective map: 

{Too ■ on \ a : k-valued point of X}——> |_J }ioms,g,{a'^ fl M, Z>o U {00}), 

a 

where a varies the maximal cones in A. Via this map, each 
Too ■ C( can be written as T^{v) for a suitable element v of the 

right hand side. 

(ii) We have the relation T^{y) D Too(t'') if and only if there is a 
maximal cone cr m A such that v,v' e Romg gi^a"^ fl M, Z>o U 
{00}) and V < v' , where v < v' means that v{u) < v'{u) for 
every w e cr^ fl M. 

5. Contact loci of an invariant ideal 

In this section, we will give the answer to the embedded version of Nash 
problem for an invariant ideal of a toric variety. 

Definition 5.1. Let X be a variety over an algebraically closed field 
k and k{X) the rational function field of X. A divisorial valuation of 
k{X) is a positive integer times discrete valuation vain associated to 
a prime divisor D on some normal variety X' which is birational to 
X. Note that this definition is wider than the definition of "divisorial 
valuation" in [6]. 

Definition 5.2. Let X be an affinc toric variety defined by a cone a 
in N . For every point f G cr fl we can associate a valuation val^ on 
k{X) as follows: 
Define 

valy{f) := mm{v,u), for / G k[a'^ fl M] 
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and extend it on k{X), the quotient field of k[a^ D M]. Tliis valuation 
is called a toric valuation. Here e / means that the coefficient of 
the monomial a;" in / is not zero. Note that the toric valuation defined 
by a primitive element v is valjj^, where Z)„ is the irreducible invariant 
divisor or6(M>of) on some toric variety X' which is birational to X. 
Since every toric valuation is a positive integer times such a valuation, 
every toric valuation is a divisorial valuation. 

5.3. For a variety X over an algebraically closed field k, let ■0m '■ 

Xoo — > Xm {m G Z>o) be the truncation morphism. Note that ipo — ti"- 
Recall that a cylinder C in X^o is a subset of the form i/j^^{S), for some 
m and some constructible subset S C Xm- 

Example 5.4. Let X be a toric variety. Then an orbit T^{v) of a 
A;- valued point in Xoo(O) is a cylinder. Indeed, we may assume that 
X is the affine toric variety defined by a cone a. The orbit is the 
subset of Xoo consisting of arcs a whose corresponding homomorphisms 
a* : k[a'^ fl M] — * K[[t]] satisfy orda*(x"') = (v.Ui) for generators 
ui, . . . ,Us of cr^ n M. Let m > ma:Xi=i^_^s{v,Ui) and Sm C X^ the 
subset consisting of m-jets 7 whose corresponding homomorphisms 7* : 
A;[(7^nM] — > Spec K[t]/{t"'+^) satisfy ord7*(x"0 = {v,Ui). Then, 
is a locally closed subset of Xj^ and Too{v) — '^^{S^r^. 

5.5. Let X be a non- singular variety over C and C an irreducible 
cylinder in Xr^. In [6] a valuation vale corresponding to C is defined 
as follows: Note first that if a G X^o is a C-valued point, and if / 
is a rational function on X defined in a neighborhood of 7r(Q;), then 
ordQ;*(/) is well defined, where a* : Ox — > is the ring homo- 

morphism corresponding to oc. If the domain of / intersects 7r(C), then 
valcif) '■= ord «*(/), for general a E C. Then valcif) is well defined 
and can be extended to a valuation of the function field of X. 

Proposition 5.6 ([6]). Let X be a non-singular variety over C and C 
an irreducible cylinder in Xoo which does not dominate X. Then vale 
is equal with a divisorial valuation. 

In the proof of Proposition 5.6, the condition that X is non-singular 
is used. Therefore, this proposition does not imply that for a cylinder 

C = Too{v) C Xoo(O) on a singular toric variety X, the correspond- 
ing valuation vale is a divisorial valuation. However, the following 
proposition shows that vale is a divisorial valuation for C = Too{v). 

Proposition 5.7. Let X be a toric variety over an algebraically closed 
field k and C = Too{v) C Xoo(O), then, vale = val^. In particular vale 
is a divisorial valuation. 
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Proof. We may assume that X is an affine toric variety defined by a 
cone a. It is sufficient to prove that valc{f) — valy{f) for every element 
/ G n M]. Note that valc{f) = orda*(/) for the generic point 
a G C. If / is a monomial (m G cr^ fl M), then by the definition of 

C = Too(v) we have 

valc{x'^) = ordQ;*(a;") = {v,u) = valy{x^). 
For general /, we have 

valcif) > mmvalcix^) — in.m{v,u) = valy{f). 

On the other hand, let Ry is the discrete valuation ring of the divi- 
sorial valuation valy. Then there is an indeterminate t such that the 
composite 

(3* : k[a^ M] --^ ^ K[[f]] ^ K[[t]] 

satisfies ord/9*(/) = val^{f ) for / G A;[(T^ fl M]. Here, K is the residue 
field of Ry by the maximal ideal and e is the positive integer such that 
V — evo for a primitive element Vq. As the arc /? : Spec iir[[t]] — > X 
corresponding to /3* is a X-valued point of C, we obtain the following 
inequality by the upper semicontinuity 

valcif) = ordQ;*(/) < ord/3*(/) = vak{f). 

Therefore, we obtain valc{f) — valcif). □ 

Now we recall the definition of the contact locus of an ideal of a 

variety X. Let X be an affinc variety over an algebraically closed field 
k with the coordinate ring A and a an ideal of A. Then, we define the 
p-th contact locus of a by 

Cont^(a) = {a G X^ \ minordQ;*(/) = p}. 

It is clear that this is a cylinder. If X is non-singular then the ir- 
reducible components are also cylinders. Therefore each irreducible 
component of the contact locus corresponds to a divisorial valuation. 
Now, we can state the embedded version of Nash problem posed in [6]. 

Problem 5.8. Which valuations correspond to the irreducible compo- 
nents o/Cont*'(a) ? 

We consider this problem for an invariant ideal a on a toric variety 
X. We should note that for a singular variety X, an irreducible compo- 
nent of a cylinder is not a cylinder in general, therefore an irreducible 
component does not necessarily correspond to a divisorial valuation. 
But in our toric case, an irreducible component of the contact locus 
corresponds to a divisorial valuation. 
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Lemma 5.9. Let X be an affine tone variety and a an invariant ideal 
onX . Then, for every integer p > 0, an orbit T^{v) is either contained 
in Cont^(a) or disjoint from Cont^(a). 

Proof Take an arc a e Too{v). Then a belongs to Cont^(a) if and only 
if 

p — minordQ;*(x") = mm(v,u), 

where we define {v,u) = oo if t; G A^k/tM and u ^ for a cone r. 
The assertion of the lemma follows immediately from this. □ 

By this lemma it follows that Cont^(a) is a union of Too(v)'s. 

Lemma 5.10. Let X be an affine toric variety defined by a cone a in 
N and a an invariant ideal on X. If an orbit Too(f) C Cont^(a) is 
in Xoo(t) for r 7^ 0, then there is an orbit Too{v) C Xoo(O) such that 
T^{v) C ContP(a) and T^{v) D T^- 

Proof Let p : A^r — > A^r/tM be the projection. As v is in the image 
p{a r\ N), we can take a point vq E a f] N such that p{vo) — v. Then 
{v,u) = {vq,u) for -u e 0"^ n r-*-. We can naturally define {v,u) = 00 
for M G 0"^ \ r^. Let w 1 G r fl be in the relative interior of r. Then 
{mvi, u) > p for every u G (cr^ \ T"*") H A^ and an integer m > p. Let 
V — Vo + mvi {m> p). Then, for every it G r-*- fl cr^ fl M it follows that 
{v,u) = {vo,u) = {v,u), while for every u G (cr^ \ r-*-) n M it follows 
that {v, u) > p. Therefore 

min(i;, u) = min{v, u) — p. 

Hence Too(w) C ContP(a). 

On the other hand, p{v) = v yields Too{v) D Too{v), by Proposition 
4.11. □ 

By these lemmas, we obtain that an irreducible component of Cont''(a) 
is the closure of T^{v) for some v E aHN such that milieu i^^i"^, u) = p. 
Here, by Proposition 4.8 and Proposition 5.7 , we obtain the answer to 
the embedded version of Nash problem. 

Theorem 5.11. Let a be an invariant ideal on an affine toric variety 

X defined by a cone a. Then, an irreducible component of Cont^(a) 
is the closure of Taoiv) for an element v minimal in V{a,p) = {v' G 
an A^ I mina-ug^^f', It) — pj- with respect to the order Therefore the 
valuations {valy \ v G aHN minimal in V{a,p)} correspond bijectively 
to the irreducible components o/Cont^(a). 
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Remark 5.12. Let G{a) C Mr be the Newton polytopc of a as in Fig- 
ure 1 and A (a) the dual fan of G{a). The dual fan is the subdivision 
of a. Then, the function g{v) := min„gG((,)(f , m) {v G a) is a strongly 
convex piecewise linear function with respect to the fan A (a). There- 
fore the subset g^^{p) = {v E a \ g{v) = p} is the boundary of some 
convex polytope as in the Figure 2. The minimal elements of V{a,p) 
are on this boundary. It is clear that this convex polytope is pG{a)°, 
where G{a)° is the polar polytope defined as {f G a | g{v) > 1}. 

We can see that a lattice point of a compact face of g~^{p) is always a 
minimal element of l/(a,p), therefore it gives a valuation corresponding 
to an irreducible component of Cont^(a). If p is divisible enough so that 
every vertex of pG{a)° is in N, then the minimal elements in V{a,p) 
coincide with the lattice points on the compact faces oi g~^{p). 

Remark 5.13. The referee kindly informed the following to the au- 
thor: For -u G o"^ n M, the log canonical threshold lc(X, V{a), V{x^)) 
turns out to be the maximal value A such that ^ ^^(X, a'^) by [2], 
where T{X, a^) is a multipher ideal for a. Some multiple of the prim- 
itive vector V E a r[ N corresponding to a divisor which computes 
lc(X, V(a), V^(a;")) lies on a compact face of g^^{p) for some p. Con- 
versely, for some multiple of a primitive vector G cr n iV on a compact 
face of g~^{p), there exists u G cr^nM such that the divisor correspond- 
ing to V computes the log canonical threshold lc{X, V{a), V{x'^)). 

Example 5.14. Let X be an affine toric variety defined by a cone a. 
Then the components in 7r~-'^(SingX) are T^{vys, where v's are the 
minimal elements in UT<(T:singuiar l~l ^ with respect to the order <„. 
Here, r° is the relative interior of r. This is proved as follows: Let a 
be the ideal of SingX, then it is an invariant ideal. As 7r~^(SingX) = 
Up>i Cont^(a), it follows that an irreducible component of 7r~^(SingX) 

is Too{v), where v is minimal among i>"s such that v' e a (1 N and 
mm^u^a{v',u) > 1 by Theorem 5.11. Here, Hungup n {v', > 1 if and 
only if a{0) G SingX for a with Va = v', which is equivalent to the 
fact that v' G r° for a singular face r < cr by [8, Proposition 3.9]. 
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